In the presence of a uniform field the one-dimensional spin-
I. INTRODUCTION
In this paper we are going to study the zero temperature dynamics of the one dimensional spin- They are defined by the transition probabilities | n|S a (p)|s | 2 from the ground states |s ≡ |S, S 3 = S in the subspaces with total spin S and energy E s to the excited states |n with energy E n . The transition operators we are concerned with, are the Fourier transforms of the single-site spin operators S a (x):
e ipx S a (x), a = 3, +, −.
(1.
3)
The structure factors (1.2) have been investigated before by Müller et al.. 1 They performed a complete diagonalization of the Hamiltonian (1.1) on small systems (N ≤ 10) and analysed the spinwave continua by approximately solving the Bethe ansatz equations for the low lying excitations. In particular, they found a lower bound ω ≥ |ω 3 (p, M )|, (1.4) 5) for the excitations contributing to the longitudinal structure factor S 3 (ω, p, M ). The constant D on the right hand side of (1.5) is fixed by the magnetization curve: The lower bound vanishes at p = 0 and at the field dependent momentum
signalling the emergence of zero frequency modes ('soft modes') in the spectrum of excitation energies. The analysis of the spinwave continua relevant for the transverse structure factors S ± (ω, p, M ) leads to the following approximate lower bounds ω ≥ ω ± (p, M ), (1.8) for the excitations produced by the raising and lowering operators S + (p), S − (p), respectively: Both bounds vanish at p = π and at p = p 1 (M ) = 2πM . The softmodes at the field dependent momenta p j (M ), j = 1, 3 produce characteristic structures in the momentum dependence of the corresponding static structure factors.
3,4
It is the purpose of this paper to analyse the singularities in the static structure factors and the infrared singularities in the dynamical structure factors (1.2) at the softmode momenta. In Sec. II we review our method to compute the excitation energies and transition probabilities for finite rings (N ≤ 36). The finite-size dependence of the lowest excitation energy at the soft mode momenta is analysed by solving the Bethe ansatz equations on large systems (N ≤ 2048). The critical behavior of the static structure factors at the softmode momenta p = p a (M ), a = 1, 3 and fixed magnetization M = 1/4 is investigated in Sec. III based on a numerical computation of the ground state on rings with N = 12, 16, ..., 32, 36 sites. In Sec. IV, we demonstrate how infrared singularities emerge in a finite-size scaling analysis of the dynamical structure factors in the euclidean time representation. Finally, in Sec. V we compare our numerical results with the predictions of conformal field theory.
II. SOFTMODES IN THE EXCITATION SPECTRUM.
An approximate scheme to determine low lying excitation energies and transition probabilities has been proposed in Ref. [ 5] . It starts from the recursion algorithm, 6 which generates a tridiagonal matrix. Eigenvalues and eigenvectors of this matrix yield the exact excitation energies and transition probabilities. There are, however, two sources for numerical errors in this scheme. The orthogonality of the states produced by the recursion algorithm is lost more and more with an increasing number of steps, due to rounding errors. Moreover, the iteration has to be truncated before the Hilbert space is exhausted.
Nevertheless the method yields good results for the lowest 10 excitations -provided that these contain the dominant part of the spectral distribution. This condition is satisfied for the excitations in S a (ω, p, M, N ), a = 3, +. For S − (ω, p, M, N ) near the softmode momentum p 1 (M ), however, this is not the case. In Table I we compare the low lying excitations for S − (ω, p, M, N ), M = 1/4, p = π and p = π/2 − 2π/16 on a ring with N = 16 sites, as they follow from an exact diagonalization (upper part of Table I ) and the recursion algorithm (lower part of Table I ), respectively.
At p = π, 76.95% of the spectral weight is found in the first excitation. Energy and relative spectral weight of the first excitation are reproduced within 13 digits. The following 7 excitations can be identified term by term with decreasing accuracy for the energies and the relative spectral weights.
The situation is different for p − = π/2 − 2π/16, which can be seen in the right hand part of Table I . The exact result yields large spectral weights -marked by an asterisk -for the 1st (19.55%), the 15th (18.33%) and the 20th (13.80%) excitation. The recursion method reproduces the energy and spectral weight of the first excitation within 13 digits. The two other excitations with large spectral weight -marked by an asterisk -are only in rough agreement with the exact result. We found, however, that this inaccuracy has no effect on the dynamical structure factors in the euclidean time representation (4.1). The latter will be investigated in Sec. IV. In Figs. 1(a) ,(b), (c) we present the momentum dependence of the excitation energies in the dynamical structure factors S a (ω, p, M = 1/4, N = 28) as they follow from the recursion method. The size of the symbols measures the relative spectral weight | n|S a (p)|s | 2 /S a (p, M, N ). The normalization is given by the static structure factors:
There is a strict relation between the static transverse structure factors:
It should be noted that Fig. 3(b) ], which implies that the absolute spectral weight | n|S + (p)|s | 2 is almost zero for p < p 1 (M ). The solid curves represent the lower bounds (1.5),(1.9) and (1.10) obtained from the analysis of the spinwave continua.
1 The emergence of the softmode at p = p 3 (M = 1/4) = π/2 in the longitudinal case [ Fig. 1(a) ] is clearly visible. Note, that there are some excitations with small spectral weights below the bound (1.5) (for p > 3π/4). We do not know, whether the spectral weights will survive in the thermodynamical limit.
The lowest excitations in the transverse cases [Figs. 1(b) and 1(c)] are found at p = π and at the field dependent momenta
We have analysed the finite-size dependence of the lowest excitation energies:
p s denotes the groundstate momentum in the sector with total spin S; p s = 0 if N + 2S is a multiple of 4, p s = π otherwise. The lowest energy eigenvalues E(p, M, N ) with momentum p and spin S were computed on large systems (N ≤ 2048) by solving the Bethe ansatz equations. The extrapolation of the energy differences (2.4) to the thermodynamical limit
obey the following relations:
Together with the spinwave velocity v(M )
they define the scaled energy gaps:
The M -dependence of the quantities θ a (M ), a = 3, 1, is shown in Fig. 2 . It turns out that
in accord with the analytical result of Bogoliubov, Izergin and Korepin 7 . In the limit M → 1/2 one finds 2θ 3 (M ) = 1 + 2M . 10 The dotted line in Fig. 2 near M = 0 indicates the logarithmic singularity
which was obtained by Bogoliubov, Izergin and Korepin 10 by a perturbative approach to the Bethe ansatz equations.
III. CRITICAL BEHAVIOR OF THE STATIC STRUCTURE FACTORS AT THE SOFTMODE MOMENTA
The static structure factors of the antiferromagnetic Heisenberg model in the presence of a magnetic field have been investigated in a previous numerical study on systems up to N = 28. 4 Meanwhile we have extended the system size to N = 32 and N = 36 at fixed magnetization M = 1/4. We find the following features:
1. The transverse structure factor at momentum p = π diverges for N → ∞. A power law fit
to the finite system results for N = 36, 32, 28 leads to the value η 1 (M = 1/4) = 0.65 for the critical exponent. The same exponent governs the approach to the singularity in the momentum p:
2)
The finite-size dependence (3.1) is shown in Fig. 3(a) . The momentum dependence can be seen in Fig. 3(b) where we have plotted
using the critical exponent determined in Fig. 3(a) . 
if the critical exponents are chosen to be η 
is shown in Fig. 4 (a) for M = 1/4, p = p 3 (M ) = π/2. A power law fit to the finite system results with N = 36, 32, 28 yields: η 3 (M = 1/4) = 1.51. The same exponent governs the approach to the singularity from the left:
as is demonstrated in Fig. 4(b) . It is not so easy to decide, whether a different exponent is needed to describe the approach to the singularity from the right. In the inset of Fig. 4(b) we plotted the approach from the right
The Fourier transform of the singularities in the static structure factors determines the large distance behavior of the corresponding spin spin correlators:
Conformal field theory 9 predicts a relation between the critical exponents η(M ) in (3.6) and the scaled energy gaps (2.8):
A derivation of (3.7) is presented in appendix A. A comparison of the left and right hand sides of (3.7) is presented in Table II .
IV. FINITE-SIZE SCALING ANALYSIS OF THE INFRARED SINGULARITIES
The euclidean time representation
is most suited to study finite-size effects in the dynamical structure factors (1.2). The singularities in the static structure factors S a (τ = 0, p, M, N ) at the softmode momenta originate from the infrared singularities in the dynamical structure factors. In the combined limit
-keeping fixed the 'scaling' variables -
the low frequency part at the softmode momenta p = π, p = p 1 (M ) ± 2π/N, p = p 3 (M ) is projected out. We therefore expect to see here directly signatures for the infrared singularities. Let us assume that the emergence of the infrared singularities on finite systems can be described by a finite-size scaling ansatz:
The scaling functions g a are supposed to depend only on the scaled excitation energies ω/ω a (p, M ) and the variable
which describes the approach to the softmode momenta. The ansatz (4.4) induces the following finite-size scaling behavior of the euclidean time representation (4.1) in the combined limit (4.2) and (4.3):
The two scaling functions on the right hand sides of equations (4.4) and (4.6) are related via:
Based on our numerical results for S a (τ, p, M, N ) at M = Let us start with the longitudinal structure factor at the softmode p = p 3 (M = 1/4) = π/2. In this case the variable (4.5) is n 3 (p = π/2, M = 1/4) = 0. The left hand side of (4.6) versus the scaling variable z 3 (p = π/2, M = 1/4) is shown in Fig. 5(a) Fig.  5(a) ) the finite system results coincide best if
Therefore, this is the expected critical exponent for the infrared singularity in the longitudinal structure factor. Deviations from this value for α 3 on the left hand side of (4.6) obviously lead to a violation of finite size scaling. It is remarkable to note that finite-size scaling [with the exponent α 3 (p = π/2, M = 1/4) = 0.23] persists for all values z 3 ≥ 0.4. In the limit z 3 → ∞ the first excitation alone survives and we can conclude for the finite-size dependence of the transition probability:
In other words, the critical exponent α 3 for the infrared singularity can by read off the finite-size dependence of the transition probability for the first excitation. Indeed this feature is predicted by conformal field theory.
(cf. (A9) in appendix A)
Next we turn to the infrared singularities of the transverse structure factors S ± (ω, p = π, M = 1/4). As can be seen from Fig. 5(b) , finite-size scaling is found for the following choice of the critical exponents: Finite-size scaling works quite well for S + for large and small values of the scaling variable z + as can be seen from the inset in Fig. 6(a) . This is not the case for S − . Here finite-size scaling breaks down for small values of z − as is demonstrated in the inset of Fig. 6(b) . The critical exponent α − (p = π/2 − 2π/N, M = 1/4) = −0.05 results from the finite size scaling analysis for large values of z − , where the transition probability for the first excitation is projected out and has the following finite size dependence:
V. DISCUSSION AND CONCLUSIONS.
In the presence of a uniform field, the one-dimensional antiferromagnetic Heisenberg model is critical in the following sense: The excitation spectrum is gapless at the momenta p = 0, p = π, p = p 3 (M ) = π(1 − 2M ) and p = p 1 (M ) = π · 2M . In this paper we have tried to answer the following question: Is conformal field theory applicable to describe the low energy excitations at these momenta ? To answer this question we have determined:
1. the scaled energy gaps 2θ(M ), defined through (2.4)- (2.8) 2. the critical exponents η(M ) for the singularities (3.2), (3.3) and (3.5) in the static structure factors 3. the exponents α(M ) for the infrared singularities (4.4) in the dynamical structure factors A compilation of the various critical quantities for M = 1/4 is given in Table II. The predictions of conformal field theory are reviewed in appendix A. In particular the following relation is expected to hold:
(5.1)
Looking at Table II we find: (a) The critical quantities 2θ 3 (M = 1/4), η 3 (M = 1/4) and 2 − 2α 3 (p = π/2, M = 1/4) agree within the numerical uncertainty. Moreover, the critical exponent α 3 (p = π/2, M = 1/4) also governs the finite-size dependence of the transition probability for the lowest excitation (4.9). We therefore conclude, that the excitations in the longitudinal structure factors at the softmode p 3 (M ) = π(1 − 2M ) are correctly described by conformal field theory.
(b) The critical quantities 2θ
agree within numerical uncertainties. In both cases the finite-size dependence of the transition probability for the lowest excitation is in accord with the prediction of conformal field theory.
(c) The critical quantities 2θ 
, which we extracted from the finite-size scaling analysis of the infrared singularity in the transverse structure factor S − at the softmode p = p 1 (M ) − 2π/N, M = 1/4. It was demonstrated in Fig. 6(b) that finitesize scaling only works for large values of the variable z − , where the first excitation alone contributes. Therefore, the exponent 2[1−α(π/2−2π/N, M = 1/4)] is fixed by the finite-size behavior (4.12) of the transition probability for the first excitation. The exponent is definitely different from the scaled energy gap 2θ
It is worthwhile to note that in the cases (a), (b) and (c), where we find agreement of our numerical results with the prediction (5.1) of conformal field theory the spectral weight of the excitations is concentrated at low frequencies. This can be seen directly for the case (b) (p = π) in the left hand part of Table I . In contrast, the right hand part of Table I shows the widespread distribution of the spectral weight for case (d). Here we were not able to establish the identity (5.1).
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APPENDIX A: CRITICAL EXPONENTS IN CONFORMAL FIELD THEORY
In the absence of a magnetic field the spin-1 2 Heisenberg model is known to be conformal invariant. Switching on the magnetic field rotational invariance is broken explicitly. Nevertheless the system remains gapless. Let us assume that the low energy physics of the model is still governed by conformal field theory. Then the dominant contribution to the long distance asymptotics of the zero-temperature dynamical correlation functions in the infinite x − t plane is correctly described as 10 s|S a (0, 0)S a (x, t)|s − s|S a (0, 0)|s
v(M ) is the spin wave velocity defined in (2.7), ∆ a (M ) and∆ a (M ) are the conformal dimensions of the operator S a (x, t). The dynamical structure factor S a (ω, p) is just the Fourier transform of (A1) with an appropriate regularization. The latter can be achieved by giving an infinitesimal imaginary part to the spinwave velocity v(M ). Standard methods yield
near the singularities
Equation ( are related to the energy and momentum of the lowest excitation |1 provided that the transition matrix element s|S a (0, 0)|1 does not vanish:
where
Therefore we conclude that the infrared singularity of the dynamical structure factor
is independent of n a :
The critical exponent η a (M ) can be read off directly from (A1):
In (A1) it is assumed that the coefficient A a (M ) is nonvanishing. From the conformal transformation to the strip geometry a relation between A a (M ) and the transition matrix element can be derived:
Therefore, the matrix element is expected to scale as
If a finite-size analysis of these critical exponents reveals that
the coefficient A a (M ) vanishes. In this case the expression (A1) does not represent the dominant contribution to the dynamical structure factor. 
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